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1. INTRODUCTION
All groups considered in this paper are finite groups. For any group G
and all abelian subgroups A of G, the following inclusion holds:
A C A N A .Ž . Ž .G G
Some extreme cases of the inclusion have been investigated. H. Zassen-
  Ž . Ž .haus showed in 9 that C A N A holds for all A if and only if G isG G
Ž  .abelian also see 4 . This result is important information, which was used
 to show that every finite skew field is a field. In 7 , M. Myamoto
considered the opposite of the above case: he showed that if
Ž . Ž . Ž . Ž .N A C A Aut A for all A then G is solvable, where Aut A isG G
the full automorphism group of A. In the case when the assumption is
restricted to one abelian subgroup, a classical result of Burnside asserts
Ž . Ž .that if G possesses an abelian Sylow p-subgroup P and C P N P ,G G
 then G is p-nilpotent 5, IV, Hauptsatz 2.6 .
It should be a problem of natural interest to find out all finite groups
Ž . Ž . Ž .satisfying the condition: C A N A or C A  A for all abelianG G G
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subgroups A of G. However, to our knowledge, this question has not been
solved yet. For convenience, we call such groups NC-groups. The aim of
this paper is to solve this question completely.
Our result is as follows:
MAIN THEOREM. Let G be an NC-group. Then
1. G is solable if and only if G is isomorphic to one of the following
groups:
Ž .1 An abelian group.
Ž . 32 A non-abelian p-group of order p , p a prime.
Ž .3 S , the symmetric group of four letters.4
Ž .  4 A Frobenius group P Z with the Frobenius kernel P, where Pm
is elementary abelian of order pn, and the Frobenius complement Z is cyclicm
Ž n1Ž i ..of order m for an odd number m. Furthermore m,Ł p  1  1 wheni1
n 1.
Ž .    5 Q Z with Q , Z  1.8 3 8 3
Ž .     ² p p p6 V Z with V, Z  1, where V a, b 	 a  b  c m m
  :1, c a, b , ac ca, bc cb , m is odd and m 	 p
 1.
Ž .2. G is non-solable if and only if G is isomorphic to A or PSL 2, 7 .5
Ž .The existence of the group in 6 needs an explanation. This will be done
in Section 2. The other groups listed in the theorem are well known.
COROLLARY. Let G be a solable NC-group. Then the deried length of G
is at most 3, i.e., GŽ3. 1.
In this paper, the following notation is used. By S denote the symmetricn
group of degree n, Q n the quaternion group of order 2 n, D the dihedral2 n
 group of order n, and Z the cyclic group of order n. Also, H K means an
split extension of a normal subgroup H by a complement subgroup K. All
unexplained notation and terminology are standard.
The proof of the main theorem will be completed by proving Theorem
3.1, 3.2, 4.1, and 4.2 in Section 3 and Section 4, respectively.
2. PRELIMINARIES
LEMMA 2.1. The class of NC-groups are subgroup-closed.
Proof. This is obvious.
LEMMA 2.2. Let G be an NC-group.
Ž . Ž1 If G is not 2-closed i.e., G possesses a non-normal Sylow 2-sub-
.group , then G has a non-abelian subgroup of order 2 p where p is an odd
  Ž .prime, and G  p and Z G  1.p
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Ž . Ž .2 C x is solable for all 1 xG.G
Ž .Proof. Since G is not 2-closed, GO G is a group of even order. By a2
  Ž .theorem of Baer 2, Theorem 3.8.2 , for every involution xO G of2
Ž . Ž .GO G there exist an odd prime p and an element yO G of order p2 2
x Ž . 1 Ž . ² : Ž . Ž .such that y O G  y O G . In particular, x, y O G O G is a2 2 2 2
² : Ž .non-abelian group of order 2 p. Set H x, y O G . Choose KH to2
Ž . Ž . Ž .be minimal satisfying HO G K. Then KKO G  K K 2 2
Ž .HO G ; hence it is a non-abelian group with order 2 p. We may choose2
² 2 n p 1 1:x and y such that K x, y 	 x  y  1, x yx y . Obviously,
² 2 n 1 :   ² :x , y is abelian, so n 1 and K  2 p. Now x normalizes y but
Ž . ² :does not centralize it, the hypothesis implies that C y  y is a groupG
Ž .  of order p, and it follows that Z G  1 and G  p. Thus all conclu-p
Ž .sions of 1 hold.
Ž . Ž .Since the center of C x is not the identity group, apply 1 to see thatG
Ž .C x is 2-closed and hence solvable by Thompson’s theorem on theG
Ž .solvability of groups of odd order. Thus conclusion 2 holds.
LEMMA 2.3. Let G be a nonabelian NC-group. Then the generalized
Ž .Fitting subgroup F* G is simple or a p-group for some prime p.
Ž .Proof. First, we claim that F* G has no nontrivial direct factor.
Ž .Suppose F* G  PQ where P 1Q. For every abelian subgroup
Ž . Ž .  A of P, N A  C A . So P is abelian by Zassenhaus’s theorem 9 .G G
Ž . Ž .Applying the condition again, we have P Z G . Similarly, Q Z G and
Ž . Ž . Ž Ž .. Ž . it follows that F* G  Z G . Because C F* G  F* G 6, TheoremG
13.12 , G would be abelian, a contradiction. Thus the claim holds.
Ž . Ž Ž .. Ž .If F G  1, then C F G is solvable by Lemma 2.2, and so F* G isG
  Ž . Ž Ž .. Ž Ž ..solvable. Thus, by 6, Corollary 13.11 , F* G  F* F* G  F F* G
Ž . Ž . F G . Since F G is nilpotent, apply the above conclusion to see that
Ž . Ž . Ž .F* G is a p-group. Consider the case when F G  1. Then F* G is a
Ž .direct product of nonabelian simple groups and hence F* G is a non-
abelian simple group, completing the proof.
LEMMA 2.4. Let G be a group. Then the following are equialent:
Ž .1 G is an NC-group;
Ž . Ž . Ž . Ž .2 C A  A or C A N A holds for all abelian subgroups AG G G
of G of prime power order.
Ž . Ž .Proof. 1 implies 2 trivially. Conversely, for any abelian subgroup A
Ž . Ž . Ž .of G satisfying C A N A , we must show C A  A. Take anyG G G
Ž .Sylow subgroup P of A. If C P  P, then A P as desired. AssumeG
Ž . Ž . Ž . Ž . Ž .C P  P. By the condition, C P N P , so N A N P G G G G G
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Ž . Ž . Ž .C P for all Sylow subgroups P of A, which yields N A  C A . ThisG G G
is a contradiction, completing the proof.
Using Lemma 2.4, it is convenient to check whether G is an NC-group.
LEMMA 2.5. Let p be a prime, and m any odd prime diisor of p
 1.
² p p p   :Then the group V a, b 	 a  b  c  1, c a, b , ac ca, bc cb
 ² :has an automorphism x of order m. The semi-direct G V x is an
NC-group.
Proof. The existence of the automorphism x is well known; for exam-
 ple, see 2, V. Exercises:18 . We need only show that G is an NC-group.
² : Ž .Since c  Z V is a normal subgroup of G of order p and m is an odd
x Ž . ² :prime divisor of p
 1, we see easily that c  c. So Z G  c . Simi-
² : ² : ² :larly, for any 1 y x , c is the unique y -invariant proper sub-
group of V. Using the above information and Lemma 2.4, a routine
argument shows that G satisfies the condition of an NC-group, completing
the proof.
Ž .LEMMA 2.6. A and PSL 2, 7 are both NC-groups.5
Proof. Indeed, checking the table of subgroups of each of A and5
Ž . Ž .PSL 2, 7 , we see that all abelian subgroups of both A and PSL 2, 7 of5
order greater than 2 are self-centralizing. Since the centralizer of a
subgroup of order 2 coincides with its normalizer in any finite group, the
result follows.
3. SOLUBLE NC-GROUPS
First note that if G is an NC-group and A a non-maximal abelian
Ž . Ž .subgroup of G, then N A  C A . If, in addition, A is normal in G,G G
Ž .then A Z G . We will use this fact freely in our proof.
THEOREM 3.1. Let G be a p-group, p a prime. Then G is an NC-group if
and only if one of the following happens:
Ž .1 G is an abelian p-group;
Ž . 32 G is a non-abelian p-group of order p .
Ž . Ž .Proof. Obviously, each of 1 and 2 is an NC-group. Conversely,
suppose false and let G be a minimal counterexample. First, suppose that
all maximal subgroups of G are abelian. Then G is generated by two
 Ž .  2 Ž . Ž .elements x, y. So G G  p ,  G  Z G and the derived sub-
² : Ž .group x, y is of order p, where  G is the Frattini subgroup of G.
2 ² :Since any subgroup of G with index p containing x, y is non-maximal
Ž . ² :abelian, all such subgroups lie in Z G . This forces that x, y is of index
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2   3p and hence G  p , a contradiction. So, a maximal subgroup H of G is
  3   4nonabelian and so H  p and G  p by the choice of G. It is obvious
that H contains a maximal normal subgroup K such that K is a normal
2  Ž . subgroup of G. Then K is maximal abelian of order p and so Aut K p
  3 p. Consequently, G  p , which is a contradiction. The proof of Theo-
rem 3.1 is now complete.
THEOREM 3.2. Let G be a solable non-abelian group whose order is not
a prime power. Then G is an NC-group if and only if one of the following
holds:
Ž .    1 G Q Z with Q , Z  1.8 3 8 3
Ž .    2 G P Z with P, Z  1 where P is a non-abelian group ofm m
order p3, p an odd prime, and m is an odd diisor of p
 1.
Ž .  3 G V Z is a Frobenius group with kernel V an elementarym
n Ž n1Ž i ..abelian group of order p and m,Ł p  1  1 if n 1.i1
Ž .4 G S .4
Ž . Ž . Ž .Proof. Using Lemma 2.4, it is easy to check that each of 1 , 3 , and 4
Ž .is an NC-group, while 2 follows from Lemma 2.5. Conversely, assume
that G is a solvable nonabelian NC-group whose order is not a power of a
Ž . Ž .prime. We must show that G is one of 1  4 .
Ž . Ž .Let F G be the Fitting subgroup of G. By Lemma 2.3, F G is a
Ž .  p-group for some prime p. Write P F G . By 2, Theorem 6.1.3
C P  P .Ž .G
Our proof will be divided into three cases:
Case 1. P is nonabelian.
By Theorem 3.1, P is of order p3 and GP is not a p-group. Since G is
Ž .solvable, G has a p-complement E. Also, Z P is a normal subgroup of G
Ž . Ž . Ž . Ž . Ž .with order p, so Z P  Z G . Thus C P  Z P  Z G and so E isG
Ž .isomorphic to a subgroup of Aut P .
Ž . Ž .a If p 2, then conclusion 1 holds.
Ž .  Ž .In this case, PD or Q . Since Aut D D 2, V. Exercises: 7 2 .8 8 8 8
Ž . So P is not D . Hence PQ . It is well known that Aut Q  S 2, V.8 8 8 4
Ž .    Exercises: 7 1 , we have E Z . So G Q Z with Q , Z  1, which3 8 3 8 3
Ž .is the group described in conclusion 1 of the theorem.
Ž . Ž .b If p 2, then conclusion 2 holds.
Ž . Ž .Since Z G  Z P  1, Lemma 2.2 shows that G is 2-closed. Thus E
must have odd order. Let E  1 be a subgroup of E. Suppose that P has1
2   Ž .an E -invariant subgroup U of order p . Then U E , U  C E by1 1 U 1
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  Ž . Ž . Ž .  2, Theorem 5.2.3 . Since Z P  Z G , C E  1, and so E , U is aU 1 1
  Ž .nonmaximal abelian normal subgroup of UE , and thus E , U  C E .1 1 U 1
Consequently, E centralizes U, and U is a nonmaximal abelian normal1
Ž .subgroup of PE ; we thus have U Z P and P would be abelian, a1
contradiction. Therefore such U do not exist. Now, if P has exponent p2,
Ž . 2then  P is a characteristic subgroup of P of order p , contrary to the1
above. Hence the only possibility for P is
² p p p : P a, b 	 a  b  c  1, c a, b , ac ca, bc cb .
 Ž .The argument shows also that PZ P E is a Frobenius group with
Ž .kernel PZ P . So, as E is of odd order, E is cyclic. Write E Z wherem
m is the order of E. Then m is not any divisor dividing p 1, it follows
Ž .that m is a factor of p
 1. Thus we obtain the group of conclusion 2 .
Case 2. P is abelian and G is p-closed.
Ž .First, we observe that GP is not a p-group. If  P  P, then1
Ž . Ž . Ž . Ž . P  Z G . Thus, as P is abelian, P Z G . So G C P  P and1 G
hence G is abelian, which is a contradiction. So P is an elementary abelian
 p-group. For any x P of order prime to p, by 2, Theorem 5.2.3 we have
  Ž . Ž . Ž .P x, P  C x . If C x  1, then, since N x, P contains x, xP P G
  Ž . Ž .centralizes x, P , and so x C P . This contradicts C P  P. There-G G
fore, G is a Frobenius group with kernel P.
Let K be a Frobenius complement of G. Apply Lemma 2.2 to see that
K is of odd order and hence K is cyclic. Write K Z where m is them
  n n1Ž i .order of K. Let P  p , n 1 and let sŁ p  1 . If some divisori1
d of m divides s, then d 	 pi 1 for some i n. Choose an element x of
 order d in Z . By 5, II, Satz 3.10 , P has a proper subgroup P of orderm 1
pi such that x normalizes P . By the condition, x centralizes P  1, a1 1
Ž . Ž .contradiction. Thus we conclude m, s  1 and G is type 3 of the
theorem.
Case 3. P is abelian and G is not p-closed.
In this case, a Sylow p-subgroup of G is non-abelian, hence its order is
3   2p by Theorem 3.1, and hence P  p . Let H be a p-complement of G.
Then PH is an NC-group as well. By Case 2, PH is a Frobenius group with
kernel P and H cyclic. Apply the condition to see that P is a minimal
Ž .normal subgroup of G. Write O G  PL, where L is a p-subgroup.p, p
Ž . Ž .By the Frattini argument, GN L P and N L  P 1. Let A be aG G
Ž .Sylow p-subgroup of N L such that AP is a Sylow p-subgroup of G.G
  Ž . Ž . Then A  p and C A N A . By a theorem of Burnside 5,IV,G G
 Ž .Hauptsatz 2.6 , N L is p-nilpotent. We choose H as a p-complement ofG
Ž .N L .G
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Ž .Suppose that some 1 xH centralizes A. Since 1 C A  P, xP
Ž . Ž .normalizes C A . It follows that x centralizes C A , contrary to the factP P
Ž .that PH is a Frobenius group. Thus C A  1.H
 For every prime q dividing H , there exists a Sylow q-subgroup Q of H
 such that Q is A-invariant. Consider the subgroup Q A. Since Q is a
Ž .cyclic q-group and C A  1, we can assert p q. That is, p is theQ
 smallest prime divisor dividing G . Also, because P Z  Z is thep p
Frobenius kernel of PH, we have q 	 p2  1. Thus q 3 and p 2. So
Ž .GPAut P  S and we conclude that G S .3 4
The proof of the theorem is now complete.
4. NONSOLVABLE NC-GROUPS
THEOREM 4.1. Let G be a non-abelian simple group. Then G is an
Ž .NC-group if and only if G is isomorphic to A or PSL 2, 7 .5
Proof. By Thompson’s theorem on the solvability of odd order, G is of
even order. Let T be a Sylow 2-subgroup of G. By Theorem 3.1, either T
is isomorphic to one of Q and D or T is abelian. Since a group with Q8 8 8
 as a Sylow 2-subgroup is not a non-abelian simple group 1 , T cannot
be Q .8
Ž . Ž .a Assume that T is abelian. Let C C T . We claim that C is aG
CC-subgroup, namely
C x  C 1 x C.Ž .G
Ž .Indeed, by Lemma 2.2, both C and C x are solvable NC-groups. Check-G
ing the groups in Theorem 3.1 and Theorem 3.2, we see that both C and
Ž . Ž . Ž . Ž .C x are abelian. So T C C x  C T  C, which yields C xG G G G
 C, as required. The finite groups with a proper CC-subgroup of even
 order have been classified in 8 ; such non-abelian simple groups are
Ž . Ž . n Ž .PSL 2, q or S q , where q 2 . Since S q possesses non-abelianZ Z
Ž . Ž n.Sylow 2-subgroups, of course, G cannot be S q . Let G PSL 2, 2 . ByZ
  Ž n.Dickson’s theorem 5,II, Hauptsatz 8.27 , PSL 2, 2 has two dihedral
   Ž n .    Ž n .subgroups, D and D ; D  2 2  1 and D  2 2 
 1 . It is clear
that both D and D are NC-groups if and only if both 2 n  1 and 2 n 
 1
Ž .are primes. From this, we obtain n 2 and G PSL 2, 5 , as desired.
Ž .b Assume that TD . Let t T be a central involution. Then8
Ž .  C t  T by Theorems 3.1 and 3.2. By 3 , such non-abelian simpleG
Ž .groups are PSL 2.q , q odd, or A . Since A contains a subgroup which is7 7
isomorphic to S  Z , which is not an NC-group, we thus have G A .3 2 7
Ž . Ž .Let G PSL 2, q . By Dickson’s theorem PSL 2, q has two dihedral
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  subgroups, D and D , each of which is nonabelian, D  q 1 and
   D  q
 1. If both D and D are non-nilpotent, then q 1 2 p and1
q
 1 2 p for some primes p and p , which implies that q 5 and2 1 2
Ž . G PSL 2, 5  A , contrary to TD . Hence one of D and D must5 8
 be a 2-group. If D is, then D  8 and q 9. Since the normalizer of a
Ž . 2 2Sylow 3-subgroup of PSL 2, 9 is a non-abelian group of order 2  3 ,
Ž .which is not an NC-group, it follows that G is not isomorphic to PSL 2, 9 .
   Finally, let D be a 2-group. Then D  8 and q 7. We thus obtain
Ž .G PSL 2, 7 , as desired.
The converse holds by Lemma 2.6.
THEOREM 4.2. Let G be a non-solable NC-group. Then G is isomorphic
Ž .to A or PSL 2, 7 .5
Ž .Proof. By Lemma 2.3, the generalized Fitting subgroup F* G is a
  Ž Ž .. Ž .nonabelian simple group. By 6, Theorem 13.12 , C F* G  F* G . SoG
Ž Ž ..C F* G  1 andG
GGC F* G Aut F* G .Ž . Ž .Ž . Ž .G
Ž . Ž . Ž .Furthermore, by Theorem 4.1, F* G  A or PSL 2, 7 . If F* G  A ,5 5
Ž Ž ..then Aut F* G  S . Notice that S is not an NC-group because S5 5 5
 contains a subgroup L Z K , which is not an NC-group where K is3 4 4
Ž .the Klein 4-group, we conclude G A for the case when F* G  A . If5 5
Ž . Ž . Ž Ž .. Ž . 4   Ž . F* G  PSL 2, 7 , then Aut F* G  PGL 2, 7 and 2 PGL 2, 7 
 Ž Ž .. Aut F* G . But the order of G is not dividable by 16 by Theorem 3.1, so
Ž . Ž .G cannot be PGL 2, 7 . Consequently G PSL 2, 7 as desired again. The
proof of the theorem is now complete.
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